Abstract: An analysis is presented of a database of 67 tests on 21 clays and silts of undrained shear stress-strain data of fine-grained soils. Normalizations of secant G in terms of initial mean effective stress p9 (i.e., G=p9 versus log g) or undrained shear strength c u (i.e., G=c u versus log g) are shown to be much less successful in reducing the scatter between different clays than the approach that uses the maximum shear modulus, G max , a technique still not universally adopted by geotechnical researchers and constitutive modelers. Analysis of semiempirical expressions for G max is presented and a simple expression that uses only a void-ratio function and a confining-stress function is proposed. This is shown to be superior to a Hardin-style equation, and the void ratio function is demonstrated as an alternative to an overconsolidation ratio (OCR) function. To derive correlations that offer reliable estimates of secant stiffness at any required magnitude of working strain, secant shear modulus G is normalized with respect to its small-strain value G max , and shear strain g is normalized with respect to a reference strain g ref at which this stiffness has halved. The data are corrected to two standard strain rates to reduce the discrepancy between data obtained from static and cyclic testing. The reference strain g ref is approximated as a function of the plasticity index. A unique normalized shear modulus reduction curve in the shape of a modified hyperbola is fitted to all the available data up to shear strains of the order of 1%. As a result, good estimates can be made of the modulus reduction G=G max 6 30% across all strain levels in approximately 90% of the cases studied. New design charts are proposed to update the commonly used design curves.
Introduction
Investigation of the stiffness-strain response of soils is required in many applications within geotechnical engineering. In earthquake engineering, the ability to predict the strain level that leads to modulus reduction is crucial to the prediction of damping, and the further reduction of secant resilient modulus at larger strain amplitudes determines the seismic response, which is always regarded as undrained for fine-grained soils. Construction-induced ground movements in clays and silty clays are also generally taken as undrained, so the design engineer similarly needs to determine or estimate the representative undrained shear stress-strain curve of the soil to control ground movements resulting from deep excavations, or to limit the differential settlements of foundations, for example. Field and laboratory measurements of nonlinear stress-strain curves are complex and time-consuming; they also relate only to specific locations. Practitioners, therefore, need to make the best use of existing information derived from the testing of various soils, and to understand how to make rational interpolations in terms of the variable profiles that generally emerge from ground investigations.
Although a great deal of stiffness data for clays under cyclic loading has been published for the purposes of earthquake risk evaluation, its potential as a source of information in monotonic and static applications has not been fully explored. Accordingly, this paper presents a merged database for clay stiffness observed in a variety of test types (monotonic and cyclic, static and dynamic) focusing on the degree to which the nonlinear stress-strain response can be predicted if certain standard classification parameters are known. The aim of this paper is to draw attention to appropriate and inappropriate correlations for undrained soil stiffness and to provide an indication of the likely errors involved in such estimations.
In a monotonic test, the secant stiffness G simply reduces progressively with shear strain g. This is principally because of the separation or slippage of intergranular contacts as shear strain increases, thereby removing their associated contributions from the elastic stiffness of the assembly, as shown in discrete element method (DEM) simulations by Dobry and Ng (1992) . This reduction is generally taken to be reversible when the strain direction is reversed because previously slipping contacts re-engage. Of course, if the reversed straining continues, elastic contacts will once again be lost, and the stiffness will reduce as before. The rate of stiffness reduction on the reversed loading path can be taken to be half that of the original loading curve because previously slipping elements must first recoil elastically until they are unloaded and then distort backward by the same amount before they slip backward (Iwan 1966) . Together with the assumption of cyclic reversibility (Masing 1926) , this gives rise to the typical cyclic response, in which pairs of values of cyclic stiffness, G cyclic , and cyclic amplitude, g cyclic , are taken to be equally representative of the monotonic response. In other words, the monotonic curve is taken as the backbone curve of the small-strain cyclic response.
A second mechanism of stiffness reduction can arise at moderate strains in undrained tests as the result of the buildup of positive excess pore pressures with a consequential reduction of effective stress. This is because of the tendency of soils to densify as a result of moderate granular rearrangement. This only happens beyond some threshold shear strain, which can generally be taken for clays as 0.1% [following the review by Matasovic and Vucetic (1992) ]. All soils tend to continue compacting under moderate magnitudes of cyclic shear stress, giving rise to excess pore pressures that increase cycle by cycle if the soil is undrained. This is most evident in loose granular soils, which can lose all effective stress after many cycles, a phenomenon known as liquefaction. In fine-grained soils, such as clays, the phenomenon is less aggressive and is known as "cyclic modulus degradation" (Matasovic and Vucetic 1995) . As the name suggests, stiffness reduces with continuing cycles of straining, often at a steady rate with respect to the logarithm of the number of cycles.
Both these mechanisms are influenced by rate effects that permit more contact sliding by creep over longer periods and which correspondingly offer apparent viscous stiffening of the soil skeleton at higher shear-strain rates. This is a significant factor in merging static and dynamic test data.
Estimates of soil stiffness at any strain level are important for both earthquake and foundation engineering practice. A key parameter that must be well understood to make such predictions is the maximum stiffness modulus G max . This paper also studies the normalization of the shear-strain axis. A modified hyperbola was adopted (e.g., Darendeli 2001) , and simple correlations for reference strain g ref are proposed. The results of the analysis will be used to update the commonly used design curves of Vucetic and Dobry (1991) . The test data in the database was adjusted for rate effects, as both static and dynamic tests were used to obtain the original data. Two adjustments were made: the first for a typical foundationengineering scenario and the second for a typical dynamic-loading (earthquake-engineering) scenario. Although approximate, these adjustments are necessary to reduce some of the disparity between the results of dynamic and static tests. The correlations presented here are useful in the low-strain region, which is common in foundation-engineering applications under working loads. For situations in which failure is approached more closely, engendering larger strains, the mobilized-strength approach of Bolton (2011b, 2012) is recommended.
Database
A database of stress-strain tests on fine-grained soils has been compiled. Each set of data has been published previously by its original authors in refereed journals, refereed conference proceedings, or (in one case) in a research report produced by internationally recognized authors in this subject. The qualification for selection of test data was that sufficient information was provided on test conditions to enable correlations to be performed. Table 1 summarizes the sources of data from 21 fine-grained soils used in the study of stiffness-strain response (digitization of the test data was undertaken unless the raw data files could be sourced). The samples were derived from various countries and were tested under a variety of conditions, from normally consolidated to heavily overconsolidated, in various laboratories and on a variety of shear-testing devices over a period of 30 years. Table 1 also details values of basic soil properties (w, e 0 , w L , w P , I P ) that were reported in the original publications that describe the tested soils (when void ratio was not reported it was estimated using the stated water content). Also detailed are values of confining stress, p9, undrained shear strength, c u , and overconsolidation ratio, OCR, in cases in which these were reported. For the soils in the database, the plasticity index, I P , varies from 0.10 to 1.50, with a mean value of 0.39 and a coefficient of variation (COV) of 0.60; void ratio, e 0 , ranges from 0.48 to 6.15, with a mean value of 1.40 and a COV of 0.71.
Curves of G versus strain evaluated in this paper are intended simply to be modulus reduction curves, assuming that no significant degradation has been caused by continued cyclic loading in the clays and silty clays, which are the focus of this study. Any excess pore pressures created in the reported tests were taken to be a valid component of the undrained test response; but it should also be noted that where individual authors did measure them (e.g., Teachavorasinskun et al. 2002) they were also found to be small relative to the initial mean effective stress. This means that the shear moduli reported here should also be relevant to the calculation of shear distortions in drained clays tested at the same initial value of the mean effective stress p9. The only additional consideration in the prediction of drained ground movements would be an allowance for volume changes because of pore pressure dissipation.
Cyclic Data
It should be recognized that most of this data relates to cyclic testing in which the immediately preceding strain history is one of reversal of the principal strain directions. The initial behavior exhibited would therefore be expected to be one of maximum stiffness G max (Atkinson et al. 1990) . If the recent strain path in the field is known, and if the future strain path as the result of loading is similar, the engineer must anticipate that the stiffness of the future response will be reduced. If the strain prior to future loading were known, the engineer could simply use it as a datum on the stress-strain curve derived from a cyclic test. However, a sufficient resting period may be sufficient to wipe the memory of the previous small-strain history of a soil, returning the strain datum to zero and the soil to its maximum stiffness condition (Clayton and Heymann 2001) , though some strain-path memory may be retained in cases in which larger strains have previously occurred (Gasparre 2005) . Furthermore, long-term aging is known to increase the elastic stiffness G max of clays (Santagata and Kang 2007) . Judgment will be required in the application of the recent-reversal stiffness data reported here.
Anisotropy
It is recognized that the various apparatuses used by the investigators cited in Table 1 induce principal compressive strains in either the vertical direction normal to the presumed bedding (triaxial compression test) or at 45°to both the vertical and horizontal planes (resonant column, torsional shear, direct simple shear). Some of the scatter, which will be observed in the statistical correlation to be derived subsequently, will no doubt arise from anisotropy, especially in terms of G max . Two studies of anisotropy in ancient, heavily overconsolidated clays are noteworthy. The anisotropy of Gault Clay was reported by Lings et al. (2000) , and a great deal of data on London Clay can be found in Gasparre (2005) . Both of these sources showed that the shear stiffness on horizontal planes was about two times greater than the shear stiffness on vertical planes. Graham and Houlsby (1983) presented a mathematical framework that introduced an anisotropy parameter a, which is defined as G max,hh =G max,vh , and for which it was assumed that the ratio of Young's moduli for changes of effective stress 5 E max,h =E max,v 5 a 2 . Following a fitting of data for the aged, normally consolidated medium-to-highly plastic Winnipeg Clay, values of a ranged from 1.14 to 1.57. Lings et al. (2000) showed a high ratio of about 4 for the Young's moduli for Gault Clay compressed horizontally and vertically, which roughly conforms to the framework of Graham and Houlsby. However, in Gasparre's London Clay data, G max,hh =G max,vh % E 0,h =E 0,v % 2, based on four undrained compression tests for which Heathrow Terminal 5. Such data are not available for other clays in the database. Therefore, when dealing with triaxial compression data, the isotropic condition E u max =G max 5 3 has been assumed throughout. Fig. 1 shows a plot of G versus shear strain for the 67 tests detailed in Table 1 .
Examination of Three Existing Normalization Methods
We now turn our attention to the normalization of the severely scattered data of shear modulus versus shear strain for the 67 tests on 21 clays in the study (see Fig. 1 ). Three common methods of stiffness normalization are used for clays: G=p9, G=c u , and G=G max .
Normalization with Mean Effective Stress p9
Normalizing G with p9 is a technique used by some researchers (e.g., Pantelidou and Simpson 2007; Hight et al. 2007; Grammatikopoulou et al. 2008 ). Fig. 2 shows the plot of G=p9 versus strain for the clays considered in the database. Much of the scatter from Fig. 1 remains in Fig. 2 , though the data does appear to converge at higher strains.
Normalization with Undrained Shear Strength (c u )
Another possible normalization method for G or E (taken to be 3G when Poisson's ratio is 0.5) is to divide it by c u . Butler (1975) and Hewitt (1989) , for example, use the E=c u ratio to develop empirical relationships to estimate the settlement of structures. Five of the ten publications consulted here gave values of c u . Fig. 3 shows the plot of G=c u versus strain for the available data. The scatter between different clays has not been appreciably reduced from Fig. 1 .
Normalization with G max
Using G max to normalize the reduction of shear modulus with strain is common, especially in earthquake engineering literature, and was used in the 10 publications listed in Table 1 . Fig. 4 shows the plot of G=G max versus log shear strain. It is evident that the use of G=G max is a much more effective way of reducing scatter than either p9 or c u .
Maximum Shear Modulus
It is clear from Fig. 4 that the maximum shear modulus, G max , is successful as a normalizer for shear modulus data and that the commonly used surrogates are not acceptable. It follows that G max should ideally be estimated or measured when studies of soil stiffness degradation are undertaken. In this section, commonly used semiempirical expressions for G max are reviewed. Black (1968, 1969) provide a commonly used empirical relationship for G max in kPa 
where e 5 voids ratio; OCR 5 overconsolidation ratio; p9 5 initial mean effective stress (kPa); K 5 0, 0:18, 0:30, 0:41, 0:48, and 0:5 (for I p values of 0, 0:2, 0:4, 0:6, 0:8, and . 1:0, respectively); C 5 constant 3,230 1=2 kPa (or 1,230, if both G max and p9 are measured in psi). This equation was developed from a similar expression for sands, but with the factor OCR K included for clays Black 1968, 1969) . This extension was based on the stiffness data of two reconstituted clays, a flocculated kaolinite and a dispersed Boston Blue Clay. Further refinements to the Hardin equation were published by Values in italics were estimated using a Hardin-style equation. Hardin and Blandford (1989) , but the form of the equation remained essentially the same. Shibuya et al. (1997) introduced a simplified voids-ratio function using specific volume
This avoided the sharp reduction in stiffness given by Eq. (1), as e → 2:973, and it is based on a sounder physical parameter that is equivalent to dry density. The investigators fitted exponent x 5 22:4 to the data that was available to them, and accordingly recommended
where p r 9 5 reference pressure, taken as 1 kPa. It is recognized that elastic contact mechanics provides that the appropriate maximum stiffness of an assembly of grains is G max } ðp9Þ n ðG g Þ 12n , where G g is the shear stiffness of the grain material, and n is an exponent that can be taken as 0.50 for smooth spherical contacts and 0.33 for conical asperities (Richart et al. 1970; Goddard 1990 ). The physically meaningful dimensionless groups involved in presenting data of G max varying with p9 would accordingly be G max =G g and p9=G g , plotted on log-log axes. But because clay platelets are variously anisotropic because of their crystalline nature, an appropriate value for G g appears to be unattainable. For this reason, the alternative dimensionless form of Eq. (3) has been adopted, using an arbitrary reference pressure, p r 9 5 1 kPa. In Shibuya et al. (1997) , factor B for soft clays in Eq. (3) ranged from 18,000 to 30,000, with an average of about 24,000. This expression is used to construct Fig. 5 for that portion of the new database described in Table 1 for which data for G max were available (83 estimates). Some of the publications consulted reported extra measurements of G max , confining stress, and void ratio that were not accompanied by a complete shear-modulus reduction curve, and these were used in the analysis of G max . It is evident that a central body of data fits with factor B % 20,000 within the range 15,000-25,000, thereby confirming the findings of Shibuya et al. (1997) . The outliers showing high measured values (B % 50,000) were from high-quality samples of overconsolidated, aged clays from Italy, i.e., Pisa, Vallericca, Pietrafitta. The highly plastic silt from Santa Barbara was also found to exhibit high B values. Low measured values (B , 15,000) were associated with similar high-quality tests on London Clay from Heathrow Terminal 5, which was described as highly fissured (Gasparre 2005 ) and in tests from Kennington Park (Yimsiri 2001). If possible, therefore, G max should be measured in situ during site investigation, in order to gain evidence of the stiffness of the natural clay structure and to reduce the scatter in B-values implicit in using Eq. (3). Plate dilatometer tests may be used with the correlations established in Hryciw (1990) . Shear wave-speed (V s ) measurements (e.g., Stokoe et al. 2011 ) may provide more accurate estimates (G max 5 rV 2 s ) from Rayleigh wave or refraction surveys, such as by seismic cone profiling (Abbiss 1981; Heymann 2003) or by using cross-hole methods (e.g., Yoshimi et al. 1977) . Alternatively, G max can be found from high quality rotary cores tested in the laboratory using bender elements in triaxial tests (Atkinson 2000) . In each case, G max should be measured at some location in which both p9 and e can be inferred, so that a corresponding value of B can be calculated from Eq. (3).
Significance of Stress History
Viggiani and Atkinson (1995) proposed a formulation for G max , which, assuming that p9 p is taken as being equivalent to p9 max (in other words, taking OCR as equal to the yield-stress ratio), can be written as
where n and m 5 constants that depend on clay type, e.g., plasticity index I p ; A 5 a factor that accounts for clay structure in a fashion similar to that of parameter B in Eq. (3); R 0 5 overconsolidation ratio, as defined by p p 9=p9 (often termed the yield-stress ratio); p p 9 5 effective stress at the intersection of a swelling line with the normal compression line; and p9 5 mean effective stress. This paper shows an alternative form
where v 5 1 1 e. Butterfield (1979) demonstrated that compression and swelling lines of clays were best seen as straight on logðvÞ 2 logðp9Þ axes, rather than conventional v 2 logðp9Þ axes. New compression indexes l Ã (plastic) and k Ã (elastic) were used (see Fig. 6 ). On the swelling line we can say
Therefore, by raising Eq. (7) This has the same form as Eq. (4), in which A, n, and m are soil constants given as A 5 B=v a n , n 5 k 1 al Ã , and m 5 aðl Ã 2 k Ã Þ. Houlsby and Wroth (1991) showed theoretically that of the three variables e, p9, and OCR in Eq. (1) one is redundant (under isotropic stress conditions). Rampello et al. (1997) remarked that the voidratio function FðeÞ is unnecessary. The Viggiani and Atkinson (1995) expression Eq. (4) has become popular, and is explored further in a recent experimental study by Choo et al. (2011) . However, in practice, the advantage of Eq. (3) over Eq. (4) is that the voids ratio can be found from the natural water content in a standard site investigation, whereas OCR cannot be estimated so easily. Nevertheless, either Eq. (3) or Eq. (4) is an improvement on Eq. (1), which involves a redundant mixture of all of these parameters, notwithstanding the algebraic relationship revealed previously.
Rate Effects

Foundation Analysis
Some of the scatter in Figs. 1-4 is because of the influence of rate effects, as the original researchers employed different test apparatuses and test frequencies. It has been known for many years that the stiffness and strength of clays is rate-sensitive (e.g., Richardson and Whitman 1963) . Vardanega and Bolton (2011a) suggested that resonant-column and static test data could be merged within a database using a simple rate-effect adjustment. The selection of an appropriate rate-effect adjustment for static situations, hereafter called the static adjustment, is outlined in subsequent sections.
A carefully conducted undrained triaxial test that achieves peak strength at an axial strain of about 2% (and therefore a shear strain of about 3%) after 8 h would have a shear-strain rate of 10 26 =s. On the other hand, a resonant column vibrating under maximum excitation with a cyclic shear-strain amplitude of 0.1% at 50 Hz would have a peak shear-strain rate of 0.3/s, which is 5:5 log 10 cycles faster than the triaxial test. The focus of this paper is to evaluate stiffness at small strains. Accordingly, all stiffness data will be normalized to a standard test rate of 10 26 =s, by assuming a strain-rate effect of 5% per log 10 cycle, which is consistent with the findings of Lo Presti et al. (1997) and d 'Onofrio et al. (1999) . In doing so, it is accepted that the stiffness of very low plasticity clays at low cyclic-strain amplitudes in resonant-column tests is likely to be underestimated, and that the stiffness of high-plasticity clays at large strain amplitudes in resonant-column tests may remain overestimated. Nevertheless, the disparity in stiffness between dynamic and static test results should have been reduced.
It is assumed that the onset of grain slippage (and the first instance of G , G max ) occurs at 10 25 strain, and that only strains greater than this will lead to rate effects. The maximum shear strain rate during vibration at a frequency f and a shear-strain amplitude of g is
That part of the strain rate that can give rate effects is
The frequency values for the various test apparatuses that were used in the publications evaluated for this analysis are shown in Table 2 . The rate effect is taken to be a 5% increase in stiffness per factor of 10 increase in plastic strain rate _ g Z . So the rate-linked reduction factor Z on the stiffness measured in a test is taken as
such that G 5 G measured =Z. Unless otherwise stated, resonantcolumn test data (for example) is assumed to have been taken at f 5 50 Hz, therefore
where strain amplitude g for each test was taken from the published papers.
Dynamic Analysis
Using similar equations to those shown previously, for a rate effect adjustment that is simulative of a typical earthquake situation, a typical earthquake frequency is taken as 1 Hz, hereafter called the dynamic adjustment. A simplistic shear strain rate is therefore 10 22 =s. Whereas the specific values are a matter of judgment, the increase in stiffness that is implied when moving from 10 26 (static) to 10 22 (dynamic) should allow us to see the relative difference between the shear-modulus reductions with strain in the two situations. Konder (1963) , Duncan and Chang (1970) , and Hardin and Drnevich (1972) used hyperbolae to model shear stress-strain curves, which were asymptotic to G max at zero strain and to t max at infinite strain. By defining a reference strain (g ref 5 t max =G max ), it was possible to rewrite the equation of a hyperbola as a normalized secant shear modulus (G=G max ) that reduces with normalized shear strain (g=g ref )
Influence of Strain
Darendeli (2001) and Zhang et al. (2005) both raised the normalized shear strain (g=g ref ) to a power of a to better fit the data of small strains [Eq. (20)]. This definition retains the feature that secant shear stiffness reduces to half of its initial maximum value when g 5 g ref .
The current study adopted the same family of modified hyperbolae to find an optimum fit for each soil. The a term in Eq. (20) is referred to as the curvature parameter
The best-fit values of parameters a and g ref for each of the soils studied are listed in Table 1 for both of the typical strain rate levels discussed in the previous section together with the corresponding coefficients of determination, R 2 . The statistical fit for Eq. (20) is very good (R 2 ranges from 0.911 to 0.998 for the static corrected data and from 0.906 to 0.999 for the dynamic corrected data). Further empirical correlations must now be obtained for g ref and a in terms of the readily available soil properties (e o , I p , w L , w P , p9, OCR) from Table 1 .
Fitting a Model for Secant Stiffness Reduction with Strain
A hyperbolic model was fitted to the entire dataset, normalizing the strain g with the reference strain g ref appropriate to each of the soils from Table 1 . No significant correlation could be found between the curvature parameter and any of the basic soil properties, listed in Table 1 .
Therefore, for the data with the static adjustment applied, the modified hyperbola used to characterize the database is log 10 ½ðG max =GÞ 2 1 ¼ 0:736 log 10 g g ref
where R 2 5 0:946, n 5 1,164, SE 5 0:168, and p , 0:001. This can be rearranged as Fig. 7(a) shows the data (with the static adjustment applied) of G=G max plotted against normalized shear strain, and Fig. 7(b) shows Eq. (21) fitted to the dataset. A very good fit to the data was obtained, with the deviation from Eq. (21a) and (21b) most apparent at lower strains, g , 0:1g ref .
For the data with the dynamic adjustment applied, the best-fit modified hyperbola used to characterize the database was log 10 ½ðG max =GÞ 2 1 ¼ 0:943 log 10 g g ref (22a) where R 2 5 0:942, n 5 959, SE 5 0:170, and p , 0:001. This can be rearranged as
Similarly, very good fit to the data are again obtained, with deviation from Eq. (22a) and (22b) most apparent at lower strains, g , 0:1g ref .
A regression analysis was first performed on individual soil properties in the database to discover the strength of their relationship to reference strain g ref at which the initial linear elastic stiffness had halved. Fig. 8 shows the plot of reference strain versus plasticity index (following the work of Vucetic and Dobry 1991) for the g ref values derived when the data with the static adjustment was applied, which gives rise to
where I p 5 plasticity index (expressed numerically, not as a percentage); for data with the static adjustment applied, J 5 2:2, R 2 5 0:75, n 5 62, SE 5 0:00031, and p , 0:001, with five outliers; for data with the dynamic adjustment applied, the best fit J-value is J 5 3:7, R 2 5 0:65, n 5 62, SE 5 0:00061, and p , 0:001, with five outliers.
These coefficients of determination are reasonable, and the p-values are very low, but nevertheless Fig. 10 shows that there is a 650% uncertainty in the predicted value of g ref for its entire range (the same error exists for the data adjusted dynamically).
Discussion of London Clay Outliers
The outliers in Fig. 8 chiefly comprise five triaxial tests on highquality cores of stiff, fissured London Clay, tested independently in two different laboratories, but each employing sensitive strainmeasurement techniques over an internal gauge length. Other tests conducted by the same investigators on similar samples fell well within the main regression zone for g ref . The outliers have a reference strain about three times greater than normal; that is, they retain their original linear elastic stiffness under much larger strains. The reason for this is unknown, but it may relate to the high degree of fissuring in these samples referred to in Gasparre (2005) . Possible fissuring of core samples is, no doubt, one of the reasons for preferring field tests for G max , as recommended by Stokoe et al. (2011) . If there was fissure opening in these samples from the outset, then the whole sample would have appeared more compliant, and the measurement of strain within the gauge length would not correspond with the intergranular slippage that causes loss of stiffness in an unfissured material. If fissure opening contributed an extra 0.15% of measured shear strain, the location of the London Clay outliers in Fig. 8 would be understandable.
Accuracy of Prediction Model
The prediction of G=G max now depends on two equations, Eq. (23) for g ref , and Eq. (21b) or Eq. (22b) for the shape of the hyperbolic curve. The comparative success of these correlations (for the statically corrected data) is shown in Fig. 9 , in which 90% of the data falls within a 630% margin, except those pertaining to certain London Clay tests in which measurements of G=G max at the upper end of the strain region considered in this paper can exceed predictions by a factor of up to 2.5. A loss of accuracy at low values of G=G max is particularly noticeable. Very similar levels of accuracy in the prediction also were observed for the dynamically corrected data.
New Design Charts
Vucetic and Dobry (1991) presented design charts that are commonly used for seismic engineering purposes. They emphasize the importance of the plasticity index. A shortcoming of these charts is that they do not give a mathematical formulation for the degradation curves that they indicate. Fig. 10(a) shows new design charts for static situations, based on the use of the plasticity index in Eq. (23), with the shape of the degradation curve given by Eq. (21b); Fig. 10(b) shows new design charts for dynamic situations, based on the use of the plasticity index in Eq. (23), with the shape of the degradation curve given by Eq. (22b). The resulting charts show that the range of expected behavior is narrower than that suggested by the original curves of Vucetic and Dobry (1991) , which are also shown. It is interesting that the past stress history was not identified as significant in the original work by Vucetic and Dobry (1991) and also in the analysis presented in this study.
Summary
A database of the secant shear stiffness of 21 clays and silts was compiled from 67 tests from 10 publications. Three common methods of normalizing secant shear stiffness were examined in relation to strain data. Plots of G=p9 versus shear strain and G=c u versus shear strain were shown to be relatively unsuccessful in reducing the scatter of the collected data from different soils. In comparison, G=G max versus shear strain was clearly seen to be the best normalizer for shear modulus.
G max was normalized using a reference stress p r 9 5 1 kPa, and was shown to be best predicted as a power function of two easily estimated variables, specific volume (1 1 e) and mean effective stress ( p9), and to a parameter B that may relate to soil structure and ranged from 15,000 to 50,000, with a typical value of 20,000. In anisotropic clay, the value of B reflects the shear conditions posed by the test. Engineers could request a test of G max in the plane of shear that corresponds with the mode of deformation expected in the design application. Eq. (3) was shown to be functionally similar to a prediction based solely on OCR and p9, but specific volume is much more easily obtained than OCR, so Eq. (3) may be preferred in practice. G max is the best normalizer of secant stiffness G, and it cannot successfully be substituted with undrained shear strength c u , confining stress p9, or even p9 together with a function of void ratio.
Previously published test data were normalized to two standard strain rates by applying a stiffness adjustment factor of 5% per log 10 cycle of strain rate, which brought all tests to a rate equivalent to a standard triaxial test completed in a working day or a 1-Hz earthquake. This adjustment was in accordance with previously published data for moderate strain amplitudes in clay.
A modified hyperbolic model was fitted to 67 sets of data for G=G max versus shear strain. A reference strain for elastic deterioration, g ref , was first defined as the shear strain for which G=G max drops to 0.5. This was shown to be reasonably well predicted by Eq. (23) in terms of the plasticity index I P (expressed numerically, not as a percentage), g ref 5 JðI P =1000Þ where J 5 2:2 for the database with the static adjustment applied, and J 5 3:7 for the database with the dynamic adjustment applied.
All the normalized data of G=G max versus g=g ref plotted in a very narrow band. The curvature parameter a of a modified hyperbola, Eqs. (21b) and (22b), was fixed at one of two values to obtain a fit against the database, depending on the strain rate applicable for the engineering application under consideration. Eqs. (21b) or (22b) and (23) together predicted over 90% of the G=G max ratios within a margin of 630% across the full range of values from 0 to 1.0 for all soils, with the exception of certain London Clay data, which is significantly underpredicted. The influence of fissures may be the cause of certain London Clay outliers.
Reduced stiffness at intermediate strain levels can be estimated based only on knowledge of the plasticity index of the soil, and it generally falls within 630% of predictions irrespective of the strain level of interest. New design charts have been presented to update the commonly used Vucetic and Dobry (1991) curves. doctoral studies. Thanks are also due to Dr. Brian Simpson and Professor Mark Randolph for their helpful advice and suggestions. Thanks also to Dr. A. Gasparre for the provision of her triaxial test data for analysis.
Notation
The following symbols are used in this paper:
A 5 nondimensional factor linking G max to p9; B 5 coefficient linked to soil structure that along with p9 and v relates to G 0 ; C 5 coefficient in the Hardin and Black (1968) model; COV 5 coefficient of variation (ratio of the standard deviation to the mean); c u 5 undrained shear strength; E 5 elastic Young's modulus equal to 3G when Poison's ratio is equal to 0.5; E max 5 elastic Young's modulus at very small strains; e 5 voids ratio; e 0 5 initial voids ratio; f 5 cyclic-test frequency; G 5 secant shear stiffness; G cyclic 5 secant shear stiffness measured in a cyclic test; G g 5 shear stiffness of grain material; G max 5 shear stiffness at very small strains (sometimes referred to as G 0 ); G max,hh 5 shear stiffness at very small strains in the horizontal plane; G max,vh 5 strict definition of G 0 5 shear stiffness at very small strains in the vertical plane; I p 5 plasticity index; J 5 regression coefficient linking I P with g ref ; K 5 exponent on OCR dependent on plasticity index; m 5 exponent on R 0 ; n 5 exponent on normalized initial mean effective stress; n 5 statistical term indicating number of data points used to generate a correlation; OCR 5 overconsolidation ratio; p 5 a statistical term indicating the smallest level of significance that would lead to rejection of the null hypothesis, i.e., the value of r 5 0, in the case of determining the p-value for a regression; p9 5 mean effective stress; p9 max 5 maximum past mean effective stress; p p 9 5 effective stress at the intersection of a swelling line with the normal compression line; p r 9 5 reference value of mean effective stress (1 kPa); R 0 5 overconsolidation ratio defined as p p 9 =p9
(sometimes called the yield-stress ratio); R 2 5 coefficient of determination of a correlation (the square of the correlation coefficient, r); SE 5 standard error in a regression, a quantification of deviation about the fitted line; V s 5 shear-wave speed;
v 5 specific volume (1 1 e); w L 5 liquid limit; w P 5 plastic limit;
x 5 exponent on specific volume;
Z 5 rate-linked stiffness reduction factor; a 5 ratio of Young's moduli when used in reference to the framework from Graham and Houlsby (1983) or the curvature parameter in a modified hyperbolic equation; g 5 shear strain; g cyclic 5 shear strain amplitude measured in a cyclic test; g ref 5 reference strain equal to the shear strain at 0.5G max ; _ g 5 shear-strain rate; _ g Z 5 plastic shear-strain rate; and r 5 density of medium (soil).
